Polynomial rooting direction finding (DF) algorithms are a computationally efficient alternative to search based DF algorithms and are particularly suitable for uniform linear arrays (ULA) of physically identical elements provided mutual interaction among the array elements can be either neglected or compensated for. A popular algorithm in such situations is Root MUSIC (RM) wherein the estimation of the Directions Of Arrivals (DOA) requires the computation of the roots of a 2N-2-order polynomial for second order (SO) statistics based approach, where N represents number of array elements, or 4N-4-order polynomial for fourth order (FO) statistics based approach. Directions Of Arrivals (DOA) are estimated from the L pairs of roots closest to the unit circle where L represents number of emitters. When number of array elements is large that leads to large computational load and eventually can introduce numerical errors in the estimated DOA. In this paper we derive a SO and FO statistics based Modified Root Polynomial (MRP)
I. INTRODUCTION
Super-resolution DF algorithms for linear arrays fall into two broad categories: search based algorithms, as exemplified by MUSIC [1] [2] and root based algorithms such as Root-MUSIC [3] [4] , ESPRIT [2] . Search algorithms make no assumptions about the algebraic structure of the array steering vectors but require that they be known to great accuracy, especially if a high degree of angular resolution is called for. In that case they can also be computationally quite demanding. In practice the determination of the array steering vector amounts to an accurate measurement of the magnitude and phase of the array element patterns, sometimes referred to as array manifold calibration. Normal accuracies attained in such measurements are a few tenths of a dB in amplitude and about 1 degree in phase, which generally is insufficient for the design of high-resolution DF systems. Admittedly an alternative technique would be to rely on numerical computer simulations (either computing the element patterns directly or inferring them from the array geometry and the computed impedance or scattering matrix). However our experience with comparisons of numerical simulations using the latest commercially available software with experimental data indicates that presently this is not yet a fruitful approach [5] .
Root based algorithms on the other hand require no array calibration and afford substantial computational efficiency over search algorithms. They require that the elements be uniformly spaced and physically identical, which a search algorithm such as MUSIC does not. The more significant restriction however is that the array steering vector must have the form of an array factor of a linear array of uniformly spaced elements. Unfortunately due to inter element mutual coupling this idealized form of the steering vector is practically unattainable. Indeed when rootbased DF algorithms are applied to a real array without some form of compensation significant angle estimation errors can result [6] [7] . Compensation for the effects of mutual coupling can be realized either through the use of a decoupling transform [6] or by employing extra "dummy" elements to equalize the active element radiation patterns [8] [9] . Under the assumption that element radiation patterns are sufficiently equalized the nonnegative pseudospectrum function becomes a polynomial and the DF problem is reduced to polynomial rooting problem [3] [4], ESPRIT [2] . In the case of the covariance based RM algorithm the degree of the polynomial equals 2N-2 where N represents number of array elements and 2N-2 roots have to be calculated. 
II. LINEAR ANTENNA ARRAY MODEL
Polynomial rooting based super-resolution DF algorithms such as RM [3] offer computational efficiency in relation to the search based DF methods [1] when special geometry of the ULA is employed. In this case the problem of estimating the DOA of L uncorrelated plane waves incident on N-element array is described with: = is a free space wave number evaluated at the receiver local oscillator frequency, λ is a wavelength, d is an inter-element spacing andˆ( ) l f Ω represents element radiation pattern in the terminated array environment. Because we are concerned with polynomial rooting DF algorithms we shall assume that mutual coupling between the elements is
In formulation of the MUSIC algorithm [1] the nonnegative function:
called pseudo-spectrum is used to find DOA. In (3) E v represents matrix of eigenvectors that span the noise subspace and are obtained from the eigenvalue decomposition of the sample data covariance matrix ( ) 
Obviously RM requires 2N-2 roots to be calculated, which for the large arrays leads to high computational load and eventually might become source of the numerical error in DOA estimation.
By analogy with the covariance MUSIC pseduospectrum of the quadricovariance version if formulated as [11] [12]
where ⊗ denotes tensorial or Kronecker's product, '*' denotes complex conjugate operation, 'H' denotes Hermitian operation, and E v represents matrix of eigenvectors that correspond with noise subspace and are obtained from the eigenvalue decomposition of the N 2 xN 2 sample data quadricovariance matrix Q zz with the entries:
where in (7) 
with n,m = 0,…,2N-2 and i,j,k,l=0,…,N- 
Exploiting (9) 
III. SO STATISTICS BASED MRP ALGORITHM
From (1) and (2) 
Let us construct the following product Obviously L DOA can be calculated from the roots of the polynomial P L (z) in a manner analogous to (5) . In order to do that the coefficients c p have to be found. From (17) and (16) Since c 1 can be chosen arbitrarily we choose 1 where w 1 is column vector obtained from (15) and W is also constructed from (15) as 2 1 [ .. ]
where w 2 , …, w L+1 are column vectors and c p is a column vector defined as
Obviously (21) represents over-determined system of linear equations the solution of which is obtained using the total least squares method [14] . DOA are now estimated from the roots of the polynomial (17) with the coefficients defined by vector [ 1 ] T T p 
V. NUMERICAL RESULTS
In order to illustrate performance of the derived SO statistics based MRP algorithm we have assumed that one QPSK signal was impinging from the direction of 70 0 on the 30-element decoupled ULA with an interelement spacing of λ/2. The sample size was 10000 samples and SNR=25dB. Root locus diagram associated with the estimated DOA positions is for RM algorithm shown in the left picture in Figure 1 and for the MRP algorithm in the right picture of 
Appendix A
Let us construct the following product 
